We study the automorphism groups of cyclic extensions of the rational function fields. We give conditions for the cyclic Galois group to be normal in the whole automorphism group, and then we study how the ramification type determines the structure of the whole automorphism group. ᮊ
INTRODUCTION
A hyperelliptic function field, contains in the center of its group of automorphisms an involution j whose fixed field F Ž j. is rational. Motiw x vated by this observation Brandt and Stichtenoth B-S studied the group G of automorphisms of hyperelliptic function fields, by projecting the Ž . automorphism group into the known finite subgroups of PGL 2, q , that constitutes the automorphism group of the rational function field:
Ž .
² : j
As a natural generalization of this we consider cyclic extensions of the rational function field. Let F be such an extension of the rational function Ž . field F . When n ) 2 the cyclic group Gal FrF is not always a normal Here we generalize further his results to include automorpism groups G of function fields which are cyclic extensions of order n of the rational function field F . The constant field k of both function fields F and F is 0 0 assumed to be algebraically closed of characteristic p, prime to n. We also assume that all ramified places in the Galois extension FrF are ramified 0 Ž . completely and that Gal FrF is normal in G. 0 w x Moreover, following Accola's ideas Ac on strongly branched covers, we are able to obtain conditions on the number of ramified places in exten-Ž . sion FrF , sufficient for the Galois group Gal FrF to be normal in the 0 0 whole automorphism group G. Furthermore, we determine the structure of all such groups of automorphisms in terms of generators and relations when GrC is isomorphic to C , D , A , A , S or a semidirect product 
CONDITIONS FOR NORMALITY
Every cyclic cover of the projective line, after a birational transformation, can be written in the form, if P s P , Ž .
Ž . 
Ž
.Ž .
If n is a prime number, then under the assumption s ) 2 n we have that the extension FrF is strongly branched and, because the group C [ 0 n Ž . w x Gal FrF is simple, we can use Corollary 3 of Ac, p. 321 , to deduce that 0 C eG. We will modify the ideas of Accola to prove: Ž . Ž . Ž . Ž .
so if P is a pole of h then P is a pole of f or T ( f . Moreover if P is a
is not a pole of h .
On the other hand, every fixed place of T which is not a pole of f is a i root of h . So the function h has s y r roots. Because 2 n -s, we have
a contradiction. Therefore h g k and because T fixes places which are i not poles of f we have that h s 0. This implies that
Ž . i ĩ
Hence, f g F , F s F , and C eG.
Using the Riemann᎐Hurwitz formula we find that the above condition is equivalent to 2 n y 1 -g ,
Ž .
F where g is the genus of the function field F.
F
In the case k s ‫ރ‬ and n s p is prime, then Victor Gonzalez and Rubi w x Rodriguez G-R have given a better condition. A curve C is a p-cyclic cover of the projective line if and only if it has a g 1 base point free linear p system. The automorphism group permutes all linear systems of the above form and if the linear system g 1 is unique, then the Galois cyclic group
Gal Cr‫ސ‬ is normal in G. A sufficient condition for a linear system g to p be unique is the inequality: 
CALCULATION OF THE GROUPS
Let FrF be a cyclic extension with cyclic Galois group C of order n 0 n Ž . prime to the characteristic p and C s Gal FrF eG. We form the n 0 following short exact sequence,
on C in the following way: We choose a section of G in G; i.e., for every
where T is a generator of the cyclic group C . Because C eG this action
Ž . is well defined. Setting T s T for an integer ␤ we can define a homomorphism
We can interpret the action homomorphism ␤ in terms of the generating elements x, y. Notice first that y is a generator of F over F , i.e., 
Ž . Ž .
ⅷ There is an automorphism Ј of the function field F such that < Ј s . Ž .
The second assertion of the proposition is a consequence the first one, Ž . because , and T are commuting if and only if ␤ s 1.
Ž .
The supp D is the set of places of F which are ramified in the 
If for all g G and for all P such that P s P we ha¨e 
Proof. We set F s F y , where
1 Ž . and x P g k denotes the finite point of ‫ސ‬ k corresponding to the place P. The assertion follows by Proposition 2. Notice that, in order to Ž . w x ensure G eG we can take ࠻supp D ) nr2 q 1.
Ž . be an arbitrary element in G of order m. The set supp D splits into 0 orbits under the action of :
Ž . Ž . then ␤ ' 1 mod n. If has two fixed places P , P and P g supp D , Ž . 
All finite subgroups of the group of automorphisms of a rational function field are given by: Remark 3. Because k is algebraically closed, for every place Q of F , 0 the inertia group is equal to the decomposition group.
Some Cohomology Calculations
It is well known that the set of all equivalent extensions of the form Ž . trivial G module; i.e., the function ␤ defined in 2 is trivial, then it is 0 easy to compute this cohomology group employing the universal coefficient w x theorem. Namely, the following formula holds Br : 
We state also the proposition which we use later. 
[ [ 
where G ranges o¨er the p-Sylow subgroups of G . Here H G , A is the
0 p 0 0 p 2 Ž . p-part of the finite Abelian group H G , A .
Cyclic Groups
We begin our examination of the possible finite groups of the rational function field given in Theorem 7, with the cyclic group. In this section we will prove: Denote by the natural map : G ª G . Let T be a generator of C , 0 n Ž . and S an element of G such that S is a generator of the quotient subgroup C . The group G is a metacyclic group generated by T, S.
for an element T t g C . The function ␤ is determined by its value at the 
where p is the restriction of the place P in F C p¨2 , and A , . . . , A¨are 1
Ž . corresponding to the decomposition group C A such that A decom- 
Hence the group G is given by generators and relations as
where l, n s 1, l ' 1 mod n. We have proven that G is the semidirect product of the groups C i C with action given by ␤. 
Ž . order prime to the characteristic p, then the group G P defined as
with action gi¨en by T s T ␤Ž . , where is a generator for the cyclic group Ž .
Ž . G P . In first case ␤ ' 1 mod n. 0 We now prove that the following ramification types are realizable by
We have seen that this situation happens only in case n, m s 1, so there are integers , such that n q m s 1. We take r even, and we set Ž . Ž . Ž . Ž . P s 1, Q s , and Q ' y Q mod n, i s 1, . . . , r. This
gives us that deg D ' 0 mod n.
where Q f A for all i s 1, . . . , r. In order to assure that the above divisor i Ž . Ž . has degree 0 mod n, we set P ' y P mod n, r to be even and 
The action is given by the function ␤.
n 0
Suppose now that the unique fixed place P of G is ramified in FrF .
Let Q be the unique place of F lying over P . The decomposition group 1 Ž . G Q s G is equal to the inertia group, because k is algebraically closed.
Ž . So G Q is the semidirect product of a cyclic group of order prime to p Ž . with a normal p-group G Q s G . Therefore the product is direct.
where Q f A, i s 1, . . . , s. To prove that both ramification types are i realizable we must select the above divisor to have degree 0 mod n. In the Ä 4 Ž . first case A s P and ␤ is trivial, so we take s orbits O Q , G with
where p is the order of G . This is always possible, because n, p s 1. In 0 the second case, A s л and the desired result follows from Lemma 6. 
Semidirect Products of Cyclic Groups with Elementary Abelian Groups
In this case G s GrC is isomorphic to the semidirect product of an 0 n Ž . 
Ž . FrF or to G ( E E t i C if one of the fixed places of F , under the action
Proof. According to the study of cyclic extensions, we have two possibily1 Ž . ities for the group C . Thus
where H ranges over the q-Sylow subgroups of G , we have that the q 0 Ž . Ž . whole extension 8 splits, because H is either a subgroup of E E t or C .
this case there is an element R g G of order nm, which generates a Ž . subgroup of G isomorphic to C . Because the extension 7 splits we nm have an embedding We return now to our case, where p is the characteristic of k. Because Ž . Ž . p, n s 1, the extension 7 splits. If moreover one of the places fixed Ž .
To prove the realization of the ramification type we have to select the arbitrary divisor
place of F above p and by Q , . . . , Q t the places of F above p . Notice 
Ž . fore we have n, m s 1 as a necessary condition for this ramification type to be realizable. The degree of the divisor corresponding to the orbit
In this case ␤ must be trivial. We
Ž . set Q ' y1 mod n, P s Q ' 1 mod n, and we take s, so that
Ž t . This is possible because n, G N m and m N p y 1 . ␤ : .
Because ␤ is a group homomorphism we have that
. We claim that ord ␤ a F 2. Indeed, if ord ␤ a ) 2 then ord ␤ b s 1, because the multiplicative group ‫ޚ‬ U is Abelian and cannot contain the
Ž . There are three cases for Im ␤ .
Ä 4
Im ␤ s 1 or Im ␤ ( ‫ޚ‬ or Im ␤ ( V .
Ž .
Ž . Ž .
4
The third case appears only when m ' 0 mod 2. We will need: LEMMA 14. Let n g N and l an integer such that
where
with the additional property: 
n ' 2 mod 4. In this case, one solution of 9 appears when Ä 4 Ä 4 P l A s л and the other when P l A / л. 
In this case G admits the presentation:
Ž .
Proof. We begin with:
Remark 6. Suppose that b g D fixes the place P . The other places m 1, 0 P can be enumerated so that P s a i P . The decomposition groups
of each place P are of the form Suppose that one of the places P , say P is ramified in extension Ž . Ž . Ž . < The system of equations 12 , 13 has solutions if and only if n, m Ž Ž . . ␤ b q 1 . We distinguish the cases:
A so one of the places P , i s 0,
. . . , m y 1, say P is ramified completely in extension FrF . Denote by 1, 0 0 Q the place above P . As in Remark 6, we may suppose that P is 
The group C is the unique subgroup of order n of the cyclic group n ² :
Ž . R , so it is generated by R . Hence R s S for some i, n s 1. We simplify the notation by rechoosing a suitable generator S for the group Ž .
The group G as a metacyclic group is given by the generators and relations
where r is defined as a solution of the system r ' 1 mod n, 15
r ' y1 mod m. Ž . Ž . This system admits n, m solutions if and only if n, m N 2. In case Ž . Ž . n, m s 1 the solution r is uniquely determined mod nm. In case n, m s 2 we have two solutions mod nm, namely, nm r , r s r q . Ž . According to Corollary 10, P is decomposed resp., ramified if G P s
Ž . posed otherwise i.e., if P is ramified ker ⌽ s C . By computation, Corollary 10,
We may select a R g b such that R s 1. The group G is given by
where r is the solution of the system of Eqs. 11 , 12 , namely,
Ž . with action defined by r. If n, m ) 1 then the system 16 may have more than one solution mod nm which lead to more than one nonisomorphic automorphism group G.
Suppose now that the places P , j s 1, 2 are not ramified in the 3, j extension FrF . Then Corollary 10 implies that,
Let T be a generator of the cyclic group C , and S a ² :
Among T, R, S g G there are the relations,
Ž . for some , satisfying 19 . Observe that there are no other relations in Ž . the definition of the group G, because the relations 21 define a group of order 2 nm.
We want to simplify the relation RSR y1 s T S y1 by choosing another generator S s T x S. We calculate
1 1 
LEMMA 16. Let P be a place of F which is fixed by ba. Suppose also that
. In the first case there is only one element of order 2 in Gal FrF and 0 Ž . in the second there are more elements of order 2 in G P . Recall that
Because n is even, one element of order 2 is T n r2 . If RST k is of order 2 then
. Ž But Eq. 25 has solutions in k if and only if n,
. If n, 2 s 1, then the unique element of order 2 in Gal FrF is of k Ž . the form RST so 24 has a solution, which gives us the desired result as in the case that n is even.
We consider now the three last cases of Theorem 15:
of Corollary 10 we may select a R g b such that R s T, i.e., s 1. Moreover the extension is central in this case, i.e.,
Ž . Ž .
We consider two more subcases such that R 2 s 1, and s 0. Because all places of F which are above
Ž . and for this x, 22 becomes

RS R
Denote by t the order of S s T x S. The group is given by the generators 1 and relations
The group defined by the above generators and relations is a group of order 2 nt, therefore t s m and the group G is isomorphic to the semidirect product
where the action of D on C is determined by the function ␤.
. In this case the set of places P , above p are
ramified in FrF and the set of places P above p are decomposed. We
Ž . and for this x Eq. 22 becomes
Because T s R 2 , this relation is equivalent to 2 RS s 1.
Ž .
1
Denote by t the order of S . The group G admits the presentation:
Observe that the group generated by R is the Galois group Gal FrF 0 which is a normal subgroup of G. The quotient
is clearly isomorphic to a dihedral group of order 2 t. Hence the group G has order 2 nt and t s m.
We now show that those cases are realizable; i.e., we can select the
A, ␤ to have degree 0 mod n. We will consider n 0 R the cases:
1. We distinguish the subcases A s P , P , P , P , . . . , P , P , P , . . . , P ,
Ä 4
Ž .
We can show similarly that we can choose deg D ' 0 mod n in the case Ž . n, m s 1. Ä 4 2. In this case we have A s P , P . Decompose n into prime 
We have to choose a D such that deg D ' 0 mod n ␤ . We set s Ž . P ' 1 mod n. We can choose the number s and the divisor 
We can choose an appropriate s so that the above degree is 0 mod n.
4. In this case, A s л and the realization follows by Lemma 6.
Ž . Ž q Ž Ž .. . From Eq. 27 we obtain the necessary condition n ␤ a , 2 m N m, for case 5 to be realizable. 
Therefore there is an r such that,
On the other hand we have
. The system of 28 , 29 has a solution r if and only if n, m N ␤ b q 1 and the group is given by the relations:
Notice that G is isomorphic to
3. In this case, all places, P , P of F above p and p , respectively,
Observe that n, 2 s m, 2 s 1. We will use 0 the injection map of Proposition 8, namely, the map Ž . Ä Ž . 4 P ' 1 mod n. We have A s P , . . . , P , P , P so the degree Ž . and we set P ' 1 mod n for all P in supp D . We have then
3. The ramification type of this case is realizable by Lemma 6, because A s л. Ž .
4
In any case, because A rV ( ‫ޚ‬ and a has order 2 in A , we have that
is isomorphic to:
Here GЈ is defined in terms of
generators and relations
Ž . d G admits the following representation in terms of generators and relations:
in FrF . We claim that in this case
where the action of A on C is determined by ␤. To prove this we decomposed, we have that the subextension
splits, so by Lemma 13
places P , i s 1, . . . , 6 are decomposed and at least one of the set of the 1, i places P , P , say P , j s 1, . . . , 4 is ramified in FrF . According to Ž . Ž . b is cycle of order 3 in S , we have that R must be also a cycle of 3 Ž . order 3, therefore n, 3 s 1.
Ž .
Ä 4 c A s P , hence the set of places P , i s 1, . . . , 6 are
ramified and the set of places P , i s 1, 2, j s 1, . . . , 4 are decomposed.
i, j
Then by the study of dihedral extensions we have that the group GЈ [ y1 Ž . V is given in terms of generators and relations by
Here r is the unique solution of the system r ' 1 mod n, r ' y1 mod 2 Ž . if n, 2 s 1, and the unique solution of the system r ' 1 mod n, r ' Ž . y1 mod 2 such that r q 1 r2 is even, otherwise. Notice also that in the Ž . case n, 2 s 2 this ramification type appears only if n ' 2 mod 4. We ² : fixed by a and that P is fixed by b. Using Corollary 10, we deduce that 2, 1 the function ␤ is trivial, so the extension is central, and moreover there y1 Ž . y1 Ž . are elements R g a and S g b such that 
We prove that there is only one solution to the extension problem 1 Ž . with the ramification type of case d , so there is only one group defined by Ž . the relations of 32 . Unfortunately we could not find a neat formula for k. w x However, using the computer algebra package MAGMA Ma we can then compute k for several values of n. Thus, n 2 3 5 6 7 9 10 11 13 14 15 17 18 19 . 
Ž . extension in case d is central we have
Ž . Ž . In case n, 3 s n, 2 s 1, the above formula implies that the extension Ž . splits and the group G is isomorphic to C = A . In case n, 2 s 1,
splits by Zassenhaus theorem, so according Lemma 13, we have two possibilities for G, namely, Ž . Ž . as we have seen in the case that n, 2 s 1, n, 3 s 3. The group G is given by an extension of G X , namely,
We claim that G has two possibilities for each selection of G X , i s 1, 2.
i Indeed,
3 m 2 3 m 2 Ž . so the sequence restriction-inflation is exact
Ž . Ž . where P is not fixed by A and we set P ' 1 mod n for all P g 
Ž .
Ž . Because n ' 2 mod 4 or n ' 1 mod 2 we have that n , 12 N 6, so we can
. . , P , P , . . . , P then we set P ' 1 mod n for i s relations as: is trivial and the extension
Suppose now that n is even. By Proposition 8 the restriction map 
Ä 4 where m, l, o g 1, . . . , n . One can compute m, l, o using the presentation y1 Ž . of V in terms of generations and relations. It is difficult to do this 4 w x sort of computation generically. However, using MAGMA Ma symbolic algebra package we can calculate the values of m, l, o for certain n: For all values of n we have tried it turns out that we can take m s 1 s l s 1 for Ž . n s 2 and m s 1, o s 3, l s 2 q n y 2 r4 for n ) 2, n ' 2 mod 4. Ž .
4
and as one checks A is the subgroup of S generated by x 2 , yx.
The ramification of S compared to the ramification of A is given in 4 4 the diagram: F P , . . . , P P , . . . , P P , . . . , P is injecti¨e. We have the tower of field extensions: F P , . . . , P P , . . . , P P , . . . , P by the study of dihedral extensions, this case appears only if n ' 2 mod 4. Let T be a generator of the cyclic group C . Consider elements X, Y in G n Ž . Ž . of orders 4 n and 2 n, respectively, such that X s x and Y s y. We can choose X, Y such that X 4 s T and Y 2 s T. Moreover we have the relations XTX y1 s T and YTY y1 s T. Applying to the products of Ž . X, Y and using the presentation 36 we arrive at the presentation of G,
Ä 4 for some k g 1, . . . , n . Although the structure of G can be determined by y1 Ž . the structure of V it is very difficult to compute k generically. Using 4 w x MAGMA Ma we can compute k for several n, n ' 2 mod 4. It turns out Ž . that k s 2 q n y 2 r4.
In order to prove that the above ramification types are realizable we 
